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A decision procedure for finding closed forms for indefinite summation of polynomials,
rational functions, quasipolynomials and quasirational functions is presented. It is also
extended to deal with some non-hypergeometric sums with rational inputs, which are not
summable by means of Gosper’s algorithm. Discussion of its implementation, analysis
of degree bounds and some Hlustrative examples are included.

1. Introduction

Let K be a constant field of characteristic zero.t Finding a closed form solution for an
indefinite sum j"(s:),i is equivalent to finding a formula g(z) such that Ag(z) = f(x)

{or simply Ag = f, if the summation index is understood)g. In Karr (1981,1985), he
defined a difference field as follows:

DerINITION 1.1, A difference fieid is e field F together with an automorphism ¢ of F.
The constant field X € F is the fired field of o.

One can think of o as a shift operator: ¢(g(z)) = g{x + 1) and it is related to A by the
relation A = ¢ — 1. With this definition, we can say more precisely what we meant by
solving an indefinite summation problem: — i.e. given an element f € F, compute, if it
exists, an element g € F (or in a difference field extension E of F) such that Ag = f.
Karr (1981) actually presented a decision procedure to solve such a problem. But his
algorithm is more theoretical than practical; even a simple sum (e.g. Karr {1981) p335
example 11} may need lengthy calculations to decide it is sumimable or not. In Karr
(1981) p349, he made the following remarks:

“Loosely speaking, if f is summable in E, then part of it is summable in £, and the rest
consists of pieces whose formal sums have been adjoined to F in the.construction of E. This
makes the construction of extension fields in which f is summable somewhat uninteresting and

1 Unless stated otherwise, K will be taken as @, R or C.
} Note: If # is used as a summation index variable, it is always assumed that = € Z.
§ Ag(z) means g{z + 1) — g{z), where A is called the upper difference operator,
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justifies the tendency to look for sums of f € F only in F.”

The problem of deciding whether the indefinite sum of a rational function is rational was
solved by Abramov (1971). Later, he (Abramov (1973)) also generalized his algorithm

to search for rational components1I of the solution of a first order difference equation
of the form g(z + 1} + a g(z} = f(z), where g(z) is unknown, f{z) is a given rational
function and a # 0 is a constant. But he remarked {Abramov 1975 p220) that his ear-
lier algorithm (1971) is more efficient for indefinite rational summations than his 1975
algorithm when it is applied to the special case @ = —1. (Similarly, his more recent
algorithms on nth order linear difference equations [Abramov (1989,1991)) are not the
same as his 1971 algorithm nor the quasirational summation algerithm to be presented
in section 4 when they are applied to the case n = 1. Further discussion of this point
can be found in section 7.) The problem of indefinite hypergeometric summation was

solved by Gosper (1978). He succeeded in recognizing that if f is hypergeometric”, then
one can convert the difference equation Ag = f into a system of linear equations by
change of variables, whose solution gives coefficients for a polynomial that yields a closed
form for the indefinite hypergeometric sum g. In other words, Gosper’s algorithm decides
whether the indefinite sum of a hypergeometric term is hypergeometric. Many computer
algebra systems (e.g. Macsyma, Reduce, Maple and Mathematica) have implemented
it as a built-in solver for indefinite or definite summations. Based on the Gosper algo-
rithm and the theory of holonomic functions, Zeilberger (1991) developed an algorithm
for definite hypergeometric summations — his method can be used to evaluate sums of
the form 3 ") _, Fi(n, k), where F(n, k) is hypergeometric in both n and k. More recently,
Petkovsek (1992) aiso used some of Gosper’s techniques (as well as some modifications
of Abramov’s (1989) algorithm) to find ali hypergeometric solutions of linear recurrences
with polynomial coefficients. Perhaps one might ask the following question: Is there any-
one who atternpted to express some non-rational or non-hypergeometric indefinite sums
in closed form 7 The answer is affirmative. Moenck (1977) had made such an attempt in
his work on summation of rational functions. He made use of the properties of polvgamma
functions (see section 3) to express the transcendental part of an indefinite sum in closed
form. His niethod is a discrete analog of the Hermite method of integration and he used
summiation by parts in his calculations. Therefore, he can express the indefinite sum of
any raticnal functions in closed form which the Gosper or the Abramov algorithm cannot.
For example, Moenck’s method can be used to find closed forms for Harmonic numbers,
which motivated those who are nterested in summation of various types of Harmonic
numbers (e.g. Lamagna et al (1989)). The procedure to be presented in this paper also
uses polygamma functions, whenever it is necessary, to express the transcendental part
of the solution, but it is different from Moenck’s approach. Its inspiration came from the
method of undetermined coefficients** (see Richardson (1954)), the work of Abramov
{1971) and Moenck’s (1977) method. It can be applied to summation of quasirational
functions which are not summable by means of Moenck’s method. It can also express
a harmonic number in closed form and solve some sub-classes of rational functions for
which the Gosper or the Abramov algorithm fails to give closed forms (see section 2). It

Y This is an analog to Hermite's method of finding the rational part of the integral of a rational
function.

e, f(x)/ f(z — 1) is a rational funciion of x.

* One can consult Ross (1991) on why such methods work for both differential and difference equations.
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is a decision procedure for summation of rational or guasirational functions. Discussion
of its implementation, efficiency and degree bound settings can be found in section 6.
[lustrative examples are included in various sections as well as the appendix.

2. Non-hypergeometric sums

In this section, some classes of non-hypergeometric sums will be mentioned. The aim
is to show that they are not summable by means of Gosper’s (1978) or Abramov’s {1971,
1989, 1991) algorithms. In a later section, we shall show how to express such classes of
sums as closed forms via the use of polygamma functions.

2.1. (GOSPER DECISION PROCEDURE

For reference purposes, a brief description of the main steps of Gosper’s algorithm is
given here (see Gosper (1978), Lafon (1983) or Paule (1991}).

ALGORITHM 2.1. (Gosper).
Input: a summand ap, where k is an index variable.

Qutput: a Aypergeometric indefintte sum n closed form, if it exists, or say “no hyper-
geometric indefinile sum exists”.

Procedure:

S1: Conuvert the ratio ag/ag_; nto the form

G _ P @
Bf—1 Pe-1 Tk
where py,, qp and vy are polynomials in k such that ged{qy, re4;) = 1 for all non-negative

integers jT

S2: Let | = deg(qeqr + 7r) and s = deg(gr1 — 7). Oblain a degree bound o as follows:
{a) If i < s then deg(pr) — s — o else

(t) Define ap = —2ly /1y, where Iy is the cocfficient of k1 in gryy — v and [y is the
leading coefficient of qr41 + ve. If g is an infeger then maz(ag, deg(pe) — 1+ 1) — o
else deg(p) — 1+ 1 — a.

If o < 0 then return and say “no hypergeometric indefinite sum exists”.

(Note: Assume the degree of the zero polynomial is —1.)

8§3: Construct a generic polynomial f(k) with degree o and then determine its unknouwn
coefficients by equating equal powers of k in the following equation
P = et f(k) — re f(k = 1).

T This can be done by computing the resultant of gx and rx4 ;, and performing ‘ged’ operations. (see
Lafon (1983) for details).
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S4: If the unknown coefficients of f(k} can be solved, then a Aypergeometric indefinite
sum exists and il is equal to Q41 f(k)ar /pi, otherwise return and say “no hypergeomelric
indefinite sum exisls”.

2.2. RESULTS

LEmMma 2.1,

Y

& k™

is not syummable by Gosper’s algorithm, where m 15 a positive integer.
PROOF. Let ax = g&. Then ;2 = SZU™ Set pp = 1,q¢ = (k— 1)™,r = k™. It is
obvious that ged{ge, rr4;) = 1 for all non-negative integer j. Setting { =m,s = —1,a9 =
0, we find that the degree bound of f(k) is zero. Let f(k) = ¢, where ¢ is a constant.

We get gr41f(k) — ri f(k— 1) = k™c— &™c = 0, which is not equal to py = 1. Therefore
3k pw is not summable by the Gosper algorithm. 0

LEMMA 2.2.

Z p(k)

k H;'n;ol(k +a+7)

is not summable by Gosper’s algorithm, where p(k) is a non-zero polynomial in k, with
deg p(k) = m — 1, m 1s @ positive integer and a is a constant.

Proor. Let
_ p(k)
ar = m—1 "
I (k+a+j)
Then
ag (k +a— Dp(k)

ar—1  (k+a+m— Dplk—-1)
Set p; = p(k), gt = k+a—1and ry =k +a+m—1 Obviously, gcd(gx, r4;) = 1 for all
non-negative integer j and we find that [ =1,s =0 or ~11. 80, ap = m—1 and f(k)isa
polynomial of degree m — 1, say f{k) = ¢m_1k™ 7! + ¢p_2k™72 + - - . 4 ¢o. Substituting
into g4 f(k) —ri f(k—1) and simplifying, we obtain that the coefficient of ™~ is zero.
But deg(p(k)) = m — 1 and hence the lemma holds. O

. 2k—1 4k -3 ¥ 3
ExamMpLE 2.1. 3, T andy ", G 97 non-hypergeomelric sums. Thej:rst
one ts cbvtous in view of Lemma 2.2 above. For the second one, if we rewrile it as

Sk ﬁ%ﬁ%, then we can apply Lemma 2.2 again.
Perhaps a remark which should be made here is that Gosper (1978) proved the correctness
of his procedure by stipulating the sum is hypergeometric first and deriving that the
input summand must be hypergeometric and then obtaining a degree bound for f(k)

1 These 2 values correspond to the cases m # 1 and m = 1.
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such that pr = gey1 f(k) — ref(k — 1). But he does not assert that a summand which
is hypergeometric (e.g. rational or quasirational functions) must have a hypergeometric
sum, as clearly shown in the results above.

3. Background

In this section, some definitions and known results are mentioned. They will be used
in subsequent sections.

DEerFINtTION 3.1.
(2) The digamma function is defined as

P(z) = — logf‘(::)
where T(z) = [T t*~le~'dt (z > 0) is the gamma function.

(4} The polygamma function of order n is defined as
+
¢(n,z zb( )= prt logT(2).

These definitions follow those in Abramowitz and Stegun(1970). The following recurrence

relationsi, which are important in representing harmonic numbers in closed forms, are
also mentioned in their book.

LEMMA 3.1.

(s)
AB(#) = (e +1) = Y(z) = 1.

(b)
Ad(n— 1) = d(n— L+ 1) - yln -1,z = D@12

rn
Summing from z = 1 to m — 1 on both sides, we can obtain the following results.

COROLLARY 3.1.
(a)
m-1 1

37 = = y(m) — (1) = $(m) +7,

r=1

where v = 0.5772156649 s called the Euler constant.

3]

' Proofs can be found in Richardson (1954).
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(b)

=1 ¢n~-1,m—¢gr-11) -
Zr—ﬂ: (n_1)1 X(—l) B
r=] ’
One can readily see that harmonic numbers can be put into closed form via the use of

polygamma functions. Now let us explain the meaning of ‘dispersion’,t which was defined
in Abramov (1971, 1974).

DerFINITION 3.2. The dispersion of a polynomial f(z), with deg f(z) > O,I is defined as
dis f{z) = max{a € Z* U {0}|deg{ged(f(z), f(z + a)) > 1}.

Since f(z) has only a finite number of irreducible factors, dis f(z) is well-defined. In
short, it is a measure of the shift-freeness of a polynomial. eg. dis {x + 1) = 0 and
dis {z+1)(z+2) = 1. It can be determined by computing the resultant res(f(z), f(z+a))
w.r.t. z, which is a polynomial in &, and then solving for the non-negative mteger roots
of such a polynomial.

4. Decision procedures

In this section, we shall derive the conditions under which an indefinite sum of a
quasipolynomial is a quasipolynomial or an indefinite sum of a quasirational function is
a quasirational function. Before we describe the proof, let us mention some of the results
for summation of polynomials and rational functions first.

4.1. SUMMATION OF POLYNOMIALS

In section 1, we have mentioned that solving an indefinite summation problem ) _ f(z)
is equivalent to solving a first order difference equation Ag(x) = f{z). Analogously to
the case of differential equations, Ag = (¢ —1)g = 0 is called the associated homogeneous
equation of Ag = f, and m — 1 = 0 is called the characteristic equation of Ag = 0. Since
1 is the root of multiplicity 1 of the characteristic equation, it follows from the general

result’ stated in Abramov (1974, p247) that

THEOREM 4.1. If f(z) is @ polynomial of degree m, then 3. f(z) is summable and the
closed form is a polynomial of degree m + 1.

So one only needs to construct a generic polynomial g(z) of degree m + 1 and use the
method of undetermined coefficients to determine the coeflicients.

t Karr (1981, p342) also gave a very similar definition, although he did not call it ‘dispersion’,
tw F(z) is a constant, then we define dis f(x) as zero.

§ For a linear recurrence relation with constant coefficients in the left hand side and a polynamial
right hand side, say F(z), if X is the multiplicity of the root 1 of the characteristic equation, then the
degree of the polynomial sclution is of deg F{z}+ A.
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4.2. SUMMATION OF RATIONAL FUNCTIONS

Without loss of generality, we assume all the rational functions considered here are
proper rational functions, i.e. the degree of the numerator is strictly less than the degree
of the denominator. ¥ As stated in section 1 before, K denotes a constant field of char-
acteristic zero. Below, K{z) and K[z] denote the field of rational functions and the ring

of polynomials in z over K respectively. The following results and proofs can be found
in Abramov (1971).

THEOREM 4.2. Lel f(x}, g(z) € K(z) such that Ag(x) = f(z) and their irreducible

form,sT be %%% and ;L;%% respectively, where fi(x), gi(x) € K[z] (i=1,2). Then

dis go(z) = dis fa(z) - L.

This theorem provides us some information about the denominator of the prospective
indefinite sum g(z) once the dispersion of the denominator of the summand, say o is
known. It also tells us that if f(z) is a proper rational function with a = 0, then 3" f(z)
is not summable in K (z), otherwise dis go{z) = ~1, which would contradict the definition
of ‘dispersion’ being non-negative.

Examprie 4.1. If f(z) = ﬁ, then il is easy lo see that dis z(z + 3) = 3 and the
denominator of g(z) is x(z + 1)(2 + 2) which has dispersion equal 10 2.

The following algorithm tells us more precisely how to construct both the numerator
and the denominator of g(z}, if a rational indefinite sum exists. It is a summary of the
descriptions in Abramov (1971).

ALGORITHM 4.1. (Abramouv).

Input: f(z) = %%% in irreducible form, where fi(z) € K] (i = 1,2} such that
deg fi{z) < deg fa(z) and fi(z) is a non-zero polynomial.

Qutput: a rational sum in closed form, if it exisls, or say “not summable in K(z)”.

Procedure:

S1: Compute the dispersion a = dis fy(z). If @ = 0, then return and say “not summable
in K{x)".
82: Detlermine

3(_1‘)__0_1.?'1(3?*}-1')
) - go Fz 1)’

T This will imply that proper rational functions are not polynomials.
t It means the numerator and the denominator are coprime.
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where s(z) and t{z} € Klz]. Let ga(z} be the numerator of the irreducible form of
t(z}/t(z + o). Find

p(z) = f(2)92(z + ga(z).}

Let deg p(z) =1 and deg go(z) = m. Define a degree bound n as follows:
ifl>m—2,thenl-m+1—n else m—n.

S$3: Construct a generic polynomial g,(z) with degree n and determine ils unknown
coefficients by the following relation

p(z) = gi(x + )g2(z) — g2(z + o (z)-

S4: If the unknown coefficients of g,(z) are solvable, then a retional indefinite sum exists
and it is equal to g {x)/g2(2), otherwise return and say “not summable in K(z)”.

Note: If fa(z) is a monic polynomial, then a quicker way to compute gz(z) in 82 is as
follows: Let h(z) = ged(fao(z), f2(z + @) € K[z]. Then

a-—1
g2(z) = [ bz — a +1).

i=0

The following examples illustrate how this algorithm works.

ExamMPLE 4.2. 3, -kl—,,, is not a rational indefinite sum (cf. Lemma 2.1) because dis k™ =

0, where m 1s a positive integer.f

The following example is taken from Karr {1981, p344), and also appeared in Lafon (1983,
p74).jc

EXAMPLE 4.3. To determine the definite sum 3.7 _| s, let f(z) = m end com-
pute oo = dis x(z + 2) = 2. So h(z) = z + 2 and go(2) = 2{x + 1). Hence, p(z) =
gaz)ga(z + V)/e(x+2) = (z+ 1% 1 =m =2, and n = 1. Let ¢2(2) = 12 + co.
Substituting into p(x) = g1(z + 1)g2(z) — g2(z + 1)g1(z) end solving, we obigin ¢y = ~1,
and ¢y = —1/2. Hence g(z) = (—z — 1/2)/2{z + 1) and

z 1 3n? + 5n
2y S TGy

z=1

Compared with Moenck’s method, Abramov’s algorithm has some advantages if the
indefinite sum exists in K (z) - we do not need to use shift-free decomposition (see Moenck
(1977)) and sumnmation by parts in the calculations. Similar to Gosper’s algorithm, this
algorithm needs to compute a resultant (for the dispersion o) and solve a system of linear
equations.

1 This must be a polynomial since f2{z) is a factor of t{x) and hence a factor of g2(%).
1 In Karr (1981, p343}, he gave a more lengthy proof for the special case Ek % being non-rational.
1 Unfortunately, the answers in both papers were misprinted.
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4.3. SUMMATION OF QUASIPOLYNOMIALS

A quasipolynomial is a function of the form p(z)A* in some difference field F over a
constant field K, where p(z) € K[z] and X is a non-zero constant and |A] # 1.

DEeFINITION 4.1. The degree of a quasipolynomial p(2)A* is defined as the degree of the
polynomial p(z).

The following theorem indicates that a quasipolynomial is always summable in F.

THEOREM 4.3. If f(z)A* is a quasipolynomial of degree m, then 3 f(x)A* is summable
and the closed form is also a quasipolynomial of degree m.

PrRoOOF. Since I is a linear operator on the summand, so without loss of generality, it
suffices to prove for a quasipolynomial term only. Let f(z) = #™A* be the summand,
with m € Z. Suppose g(z) = (en2™ + cn_12™ "1 + - - 4 ¢0)A7, where ¢; € K and ¢, # 0.
Consider g(z + 1) — g{z) = f(2); we have

Mea(z + 1) +cnoa(@+ 1) 4+ co)) = (caz”™ + enog2™ ™+ - 0o) = 2™

For this equality to hold, we must have n > m. But |A| # 0 or 1, and the leading term
of the left hand side is (A — 1)e, # 0, so n must be equal to m. It is easy to see that
em = 1/(A — 1). If we consider the coefficient of z™~! on both sides, then we obtain

m
Memm +em—1) =0 and 50 ¢m_1 = o1
Proceeding successively, we can compute each ¢; for 0 < i < m. In fact, the unknown
coeflicients satisfy the following recurrence relation

b

m! (m — 1)!
—_ i 4t em =01 < E < m),
miim—E) T i i T Femok =Wk sm),
for 0 < 7 < m. Therefore, it implies that 3~ z™A® is summable in F and the indefinite
sum is a quasipolynomial of degree m. O

Similar to the case of summation of polynomials, one only needs to construct a generic
quasipolynomial of degree m and then use the method of undetermined coefficients or
the recurrence relation in the proof to determine the coefficients.

4.4, SUMMATION OF QUASIRATIONAL FUNCTIONS

A quasirational function is a function of the form f(z)A* € F (some difference field
over a constant field K), where f(z) € K{z), A is a non-zero constant and [A| # 1. f{a)
and A® are called the rational part and transcendental part of the quasirational function
respectively. Without loss of generality, assume the rational part is a proper fraction (see
section 4.2). The following theorem is similar to Theorem 4.2.
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THEOREM 4.4. Let f(2)A", g(z)A® be quasirational functions, such that f(z), ¢(z) €
K(z), A € K and Ag(z)X* = f(z)3*. If fi(z)/f2(z) and g1(z)/g2(z) are the irre-
ducible forms of f(z) and g(x) respectively, where fi(x), gi(z) € K[z] for i = 1,2, then
dis g2(z) = dis fz(x) — L.

Proor. By partial fraction decomposition we obtain

q:
g(m < IPI )n, "':),

where pi(z), qi(z), r(z) € K[z], deg ¢i{x) < deg pi(z)*, n; € Z and p;(z)’s are ir-
reducible in K[z] for 1 € ¢ < m. Let o = dis g2(2) and p1(z + o) = pg(a:).i Now
Ag(z)A® = f(z)AT implies Ag(z + 1) — g(z} = f(z), so

)= 3 ot s anta )= 3 D ot
Ap(z+1)  al=)
n(z+ 1) pifz)™

Aga(z + 1) qa(z) o~ [ Agi(z + 1) R ac)
=2 )

nE+tat)  plz+a)m pi(z+ 1) pi(z)™

=Ar(e+1)~r(z)+

Since the partial fraction decomposition (pfd) is unique and the shift from 2 to x + 1
transforims an irreducible polynomial into an irreducible polynomial, so the last expres-
sion is the pfd of f(z). By observing the denominators, no powers of py{(z + o + 1) and
p1(z) can be found under the sumimation sign in the pfad of f(z), hence dis fo(z) =a+1.
O

EXAMPLE 4.4. 3 z_szl is nol summable in F because dis (z+1) = 0; otherwise Theorem

4.4 would imply dis g2(z) = —1, which contradicts the definition of dispersion being non-
negative.

The following algorithm tells us how to decide if a quasirational function is summable in
F or not. The proof is an extension of Abramov’s (1971) proof for surnmation of rational
functions.

ALGORITHM 4.2.

Input: f(x) = fi{z)A%/ f2(x) in irreducible form, where f;(x) € K[z] fori = 1,2, such
that deg f1(z) < deg f2(z), fi(z) is @ non-zero polynomial, X is a non-zero constant and
AL L

Output: a quasirationel sum in closed form, if it exists, or say “not summeable in F”.

Procedure:

t If not, it can be done by rearranging the partial fractions and then relabelling each p;(z).
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S1: Compute the dispersion a = dis fy(z). If o = 0, then return and say “not summable
in F”.

S$2: Delermine

?

s(z) Z f1(:r:+z )Af

t(:: 2(z +1)

where s(z), t(z) € K(z]. Let g2{x) be the numerator of the irreducible form of ?(15(%%
Determine

p(z) = fi(x)g2(2)g2(x 4 1)/ fa().

Let deg p(z) =1 and deg g2(x) = m. Define a degree bound n =1 —m. If n < 0, then
relurn and say “not summable in F 7,

S3: Construct a generic polynomial g\(x) with degree n and delermine its unknouwn
coefficients by the following relalion

p(z) = Ag1(z + V)g2(z) — g2(z + D ().

S4: If the unknown coefficients of gi(z) are solvable, then a quasirational indefinile sum
exists and i is equal to g1(x)A"/g2(2), otherwise return and say “not summable in F”.

PrROOF. Assume f(z) = fi(z)A®/f2(x) is in irreducible form. By Theorem 4.4, if the
dispersion o = dis fa(z) = 0, then g{z) does not exist. So we can assume o > 1 and
g{x) = g1(z)A*/g2(=} is in irreducible form. Consider the relation g(x 4+ 1) —g(z) = f(x).
Summing from ¢ = 0 to o — 1 on both sides, we can obtain

a—1 X Ny r4t
oo +0) = g(o) = Y HEETT

which implies

g1(z + a)g2(2)A* - gi(z)ga(z + @) Z file + 1)’\‘
g2(z + o)g2(z) faolz +7)

Suppose s(z)/t(z) is the irreducible form of the last expression. Then we have
z) _ o)
t(z+a)  go{z+2a)

Since ged(ga(x), g2(2 + 2a)) = 1, s0 g2(z) is equal to the numerator of the irreducible
form of t(z)/i(z + a). Substituting into the relation Ag(z) = f(z), we get

Agi(z +1)g2(z) — i(=)ga(z + 1) _ filz)
ga(z + 1)ga(2) fa(z)

Hence, if we let p(z) = fi(z)g2{z)ga2(x + 1)/}‘2(.’5),1t then p(z) = Agi(z + 1)ga(x) —
g1(z)ga(x + 1). Assume deg p(z) =, deg ga(z) = m and deg g1(z) = n. Let

gl(fﬂ) = ‘f:n-*"':,’t + cn—lxn_l + -4+ co

! It mustbe a polynomial following the same argument as in the description of Abramov's algorithm
in section 4.2.
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and
92(x) = bpnz™ + b1 2™ 4 - - 4 bo.
where ¢, # 0 and b,;,, # 0. Since the leading term of the left hand side of

p(z) = Agi(z + 1)gz(z) — n(z)g2(z + 1)

is (A — 1)cabmz™t™ #£ 0, so n must be equal to deg p(z) — m, i.e. n = | — m, provided
{ > m. Once the possible degree of g, (z) is found, the method of undetermined coefficients
can be used to solve for the coefficients in g;(z). If the coefficients are solvable, then an
indefinite sum exists and is equal to g;(x)A7 /g2(z), otherwise no quasirational indefinite
sum exists. O

From this result, one can see that the occurrence of X makes the determination of the
degree bound n much simpler than the case of summation of rational functions, although
we have the same way for finding the polynomial p{(z) in step 2.

EXAMPLE 4.5. (Davies (1962)) To determine Y, 2°(2* — 22 — 1)/(2%(x + 1)%), first
compute the dispersion a = dis z%(z + 1)% = 1. Then consider

s(z) #2—-2z—1
tz)  xHx+1)?

and
tHz) = =*
Hz+1) (z4+2)%
So ga(z) = 2? and p(z) = 2?2 — 22— 1, which impliesl = m = 2 and n = 0. Let g1(z) = ¢g,
where ¢ 15 a constant. Substiluting info the equation p(x) = 2g1(z+1)ga(2)—g1(x)g=(z+
1} and solving, we obtain co = 1 and hence an indefinite sum 2°/x°,

5. Summation in a difference field extension

Given a difference field F° with an associated automorphism ¢, we have already in-
vestigated the decision procedures for summation of polynomials, rational functions,
quasipolynomials and quasirational functions in section 4. At that stage, we are only
interested in computing clesed forms in F itself, which certainly cannot guarantee ev-
ery indefinite sum can be put into closed form. In this section, we attempt to extend
a little bit — to allow a closed form to be expressed in a difference field extension of
F, which contains the polygamma functions.! The basic facts we use are the recurrence
relations mentioned in section 3, which tell us the relationships between the polygamma
functions and the harmonic numbers. This will enable us to express the two classes of
non-hypergeometric sums mentioned in section 2 in closed forms. Besides, we can also
obtain a rational component, if it exists, in addition to the polygamma parts, which is
an alternative way of finding a rational component other than the Hermite method of
reduction mentioned in Abramov (1975).

t R s analogous to extending a differential field by adding logarithmic functions to get the closed
forms of integrals in indefinite integration theory.
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EXAMPLE 5.1. In order to express _ (z + 1)/((z + 2)(x + 3)) in closed form, first we
decompose it into 3, —1/(z+2) and 3", 2/(z+3), and then apply the recurrence relation
Ay(z) = 1/z as well as the inverse recurrence relation A~'1/z = y(z) to obtain

—h(z +2) + 2(z +3) = —(z +2) + 20z + 2 + - 5)

:¢($+2)+-x—:;—2-,

where ;:i— is called the rational componenti of the closed form.

But the drawback in applying this technique is that we need to perform a complete
partial fraction decomposition {cpfd) because the denominators on the right hand sides

of Lemma 3.1+ must be single linear factors (with multiplicity > 1). It is computationally
expensive and may not be easy to do in the case where we have to perform a cpfd in
- - - . 2 _ - 1 _
an algebraic extension of Q(z), e.g. decomposing 1/(z? + v/5z — 1) into G-
3(:+(341- 5770 Ve will need to work on Q(v/5)(x). Besides, it will be somewhat ‘overkill’

to use polygamma functions if an indefinite sum can be expressed in closed form in £
itself.

ExaMPLE 5.2.

Zx—(ﬂg QZ -3 ;};—5: L (9(x) - vz +2)
1 1 1 1 1 -2z -1
= glr) - 7 — e+ 1)) = gele) ~ oy - oY) = T2t 1)

Therefore, compromising between the pros and cons, it is sensible to work on the sum-
mand’s defining difference field first; if no closed form can be found and the summand
is a rational function, then we can use polygamma functions to find a closed form. Per-
haps one remark should be made here is that M. Bronstein and B. Salvy (1993) recently
presented an algorithm for full partial fraction decomposition of rational functions, usmg
only ged operations over the initial coefficient field. For instance, if P +3_ 502 ﬁ
is the cpfd of a rational function A/}, where P, A, D are polynomials in K{z] and n,
is the multiplicity of the pole «, then it is possible to compute b, ; without any factor-
1zation, and using only the operations of the field K. But of course, part of the cpfd can
only be expressed as a formal sum in the case where « belongs to the algebraic closure
of K. For example, ;51_—2 can only be expressed as Ea ;1(—;_'_—0), where « 1s the root of

— 2 = 0; which means we still need to solve for « if we want to use the polygamma
functions. Nevertheless, this partial fraction decomposition algorithm is still quite useful
and requires less computational effort since it works on K first and its algebraic closure
(if we need to solve for all roots of o) afterwards.

!t Note: It is not unique because it depends on how we express the polygamma part. In our case, we
can further reduce ¥z + 2) into ¥(z + 1) or ¥(zx).

1 This lemmais only applicable to rational summands, and we cannot exploit the recurrence relations
of polygamma functions to express a quasirational function into closed form.
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6. A single procedure for the 4 cases

For ease of implementation, we combine the 4 separate procedures for computing closed
forms for summation of polynomials, rational functions, quasipolynomials and quasira-
tional functions into one, together with the technique of summing non-hygeometric fune-
ticns via the use of polygamma functions. No further justification of this single procedure
is provided as the theoretical backgrounds have been given in sections 3 and 4. The im-
plementation of this general procedure in Reduce has been done and some illustrative
examples will be provided in an appendix to show how the program works.

6.1. ALGORITHM

Assume the input summand belongs to a difference field F, and let E be the difference
field extension of F' obtained by adjoining one or several polygamma functions and K
be the constant field of F or E. In practice, K can be taken as (¢, R, C or an algebraic
extension of one of them, whenever it is necessary.

ALGORITHM 6.1. (Fsum).

Input: f(z) = ‘%E%;i € F in irreducible form!, where X € K, filz) € K[z] (¢ =1,2)
and fa(z) is a non-zero polynomial.

Output: a closed form for Y f(z) in F or E, if it exists, otherwise say “not summable
m FE or F7.

Procedure:

S1: (preprocessing) If A = 0, then return a zero sum else if deg fi{x) > deg fofx)
then use division to split f{x) into 2 parts: h(x)X* and r{2)AT/ f2(2), such that fi(z) =
Foz)h(z) + r(x), where r{z),h(z) € K|z] and deg r(x) < deg f2(z).

Apply the algorithm Fsum 1o these two parts separately and then combine their outpuls
finally.

S2: (dispersion) If deg fo(z) = 0% then 0 — o else dis fa(z) — a.
Ifdeg fa(z} > 0 and « = 0, then
(a} go to 86 if |A| = 1 (b) return and say “not summable in F and E” otherwise.

83: (degree bound)

{a} If @ =0 then

(i} deg fi(z) —n if M # 1

(ii) deg fi(x) + 1 — n otherwise
(b} If a > 1 then determine

1

fi(:r + z)/\‘
.Z fo(z 4+ 1)

T || can be 0 or 1 i this procedure.
i.¢. the summand is either a polynomial or a quasipolynomial.
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where s(z), t(z) € K[z]. Let go(z) be the numerator of the irreducible form of t—(‘ﬁ)a—)
Determine

_ filz)ga(2)ga(z + 1)

- fa(z) '

p(z)

Let deg p(z) = { and deg g2(z) = m.
If{Al =1 then
(Jl-m+le=nifl>m-2

{(i1) m — n otherwise.

elsel —mwsn

S4: (determining relation) Construct a generic polynomial g1{z) with degree n and de-
termine its unknown coefficients by one of the following relations:

(1) Aar(z + 1) — (2) = S(z) if @ = 0

(8) p(z) = Ag( + 1)gs(2) — g2(z + 1)g1(2) otheruise.

S5: (closed form in F or not ezistent in F) If the unknown coefficients of gi(x) are
solvable, then an indefinite sum ezists in F and it is equal to

{a) g1(2)A% ifa =0

(b) 91(x)A% [gs(z) otherwise.

else if {A| £ 1 then return and say “not summable in F or E”.

S6: (closed form in E} Perform a cpfd on f(z) such that

£ n; ¥
f@) = fole) + 33 T

i=1j=1 (z+ 8

where k,ni € Z, fij,ti € K and fo(z) € K(z]. Let g(z) be the polynomial obtained by
applying FSUM to fo(z). Then return an indefinite sum

n; k f;"(-l)j_l
g(x) + ZZ W‘!ﬁ(i —1,z+%) mod(Lemma 3.1(a)).}

j=li=1

6.2. IMPLEMENTATION

The algorithm in section 6.1 has been implemented in RLISP in Reduce (version 3.4.1).
The main operations such as computing ‘resultant’, solving a system of linear equations
and performing partial fraction decompositions heavily rely on the top level symbolic
procedures defined in Reduce. The implemented program is called Fsum and it has the
following input, format:

fsum(summand, n [, lower, upper]),

T n fact, the two relations can be combined as one — (a) can be obtained if we replace p(z) by f(=z),
and gy(x} by 1 in (b). That means (b) is a general relation.
It means to use the recurrence relations in Lemma 3.1{a) to combine the polygamma functions
with the same order into a single polygamma function, if it is possible, as well as to obtain a rational
component, if it exists {see Example 5.1).
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where summand is self-explanatory, n is the index variable of the summand, lower
and upper refers to the lower and upper summation index respectively. The latter two
arguments are optional, which means if they are not specified exphicitly, the program
will assume an indefinite sum to be found,§ otherwise the program will compute an
indefinite sum first, say g and then return sub(n = upper + 1, g) — sub(n = lower, g)
as the answer (i.e. a definite sum). If the program fails to find a closed form, then
the input expression is returned, e.g. fsum(2* /z,z) will be returned since it is not a
quasirational sum. The program also provides a trace command which will show mest of
the key steps of the algorithm if the switch “trfsum” is turned on. As mentioned before,
a complete partial fraction decomposition is needed when we use polygamma functions

to express the closed form of a rational inputﬂ, but we cannot guarantee to achieve
this if the constant field is required to extend from @ to an algebraic extension of Q
or even the complex field C. In such a case, the program will return failure in the form
fsum(summand, n [, lower, upper]) to indicate the problem encountered. Tests have
been done by running Fsum on a SPARC station II for more than 100 examples chosen
from Jolley (1961) and Davis (1962). Fsum can solve all of them provided the summand
belongs to one of the following types: polynomials, quasipolynomials, rational functions
or quasirational functions. Table 1 below shows some examples solved by Fsum (see
also the appendix). Each example was run for 10 times and the average time was taken.

All timings” are in terms of milliseconds (garbage collection time is excluded) and the
sources of the examples are shown in the column called Ref

Oacci
Table 1. Test examples
Number Example Answer Time Ref
1 S, %’)——’l % 408  Davis (1962)
2 >, % = 365.5  Davis (1962)
Brt3 2iom
3 21_1 —3—1'—*4144{8: T TRV 64.6  Abramov (1871)
—| 3z43 2 5
4 PR S iy iedn) 799  Moenck (1977)
24T 2 4™ (m—1
5 21—1 m 242 Tty 25.5 Jolley (1961)
6 (2.1: -1y m?(2m? - 1) 28.9 Jolley (1961)
7 3;: +3z+1 z? 22.1 Davis (1962)
8 (.7: + 4z + 2)2% z22% 22.1 Davis {1962)
9 S, —(% z 372.3  Davis {1962}
+2_ +t
10 zk* mETT—(mtIkTT 4R 153 Lafon (1983)

(k—1)?

§jea formula g which satisfies the relation Ag = f.
T It is done after the searching for a rational indefinite sum has failed,

Il The test is based on the first version of Fsum, which can be further optimized if more low level
procedures in Reduce’s source codes are used.
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6.3. How TO IMPROVE ITS EFFICIENCY

In general, the computations in step S2 {(determination of the dispersion of f2(z)) and
step S4 (solving the unknown coefficients in g;{z)) are relatively more expensive than
other steps in Fsum. One way to improve the efficiency in 82 is to perform a square-free
operation to fa(z) first before computing the resultant res(fo(z), fo(z + @) w.r.t. z {see
the short paragraph after definition 3.2) - doing so will decrease the dimension of the
Sylvester matrix and hence the cost of computation of the resultant. For example, the
dimension of the associated Sylvester matrix for res(z3(z + 3)3, (z + «)*(z + @+ 3)%) is
12 x 12, while the dimension of the Sylvester matrix for res(z(x + 3), (¢ + a)(z + o+ 3))
w.r.t z is only 4 x 4. To illustrate this fact, five examples are chosen and the comparison
of efficiencies are shown in table 2, which also include the timings for Reduce built-in
indefinite summation solver (based on Gosper’s algorithm). As mentioned before, each
example was run for 10 times and the average tims was taken (excluding the garbage
collection time) and the timings were in terms of milliseconds. (Note: The efficiency in

Qacci

Table 2. Comparison of efficiencies

Before After Reduce
Number Example improvement improvement  solver
2
1 POy 384.2 20.4 280.5
Lo 3 2
2 S, 2—%*—11 391.2 34.2 1159.4
x 3 2
3 Y, Ty 1071 117.3 1856.4
41— 2_2x-1 -
4 3. (I( +1;2)§§—2):(x—)s)2 20425.5 180.2 7429.2
27(x*—142% —242-9) -
5 Y. P ITe (a 13 12172.3 152.5 6596.4

example 3 had not been improved due to the fact that the denominator of the summand
is already square-free, so a small amount of time for performing the square-free operation
was wasted in such case.)

6.4. ANALYSIS OF DEGREE BOUNDS

In this section, a comparison of degree bounds between Fsum and Gosper’s algorithm
is given. The two procedures have some similarities and both at a certain step require one
to determine a degree bound for a polynomial { f(n) in Gosper’s case and g;(z) in Fsum’s
case) which will yield a closed form for an indefinite sum if the unknown coefficients can
be solved. Although the derivations of the two algorithms are different, it is interesting
to note that the degree bound chosen by Fsum agrees with Lisonek’s (1991) analysis
of the performance of Gosper’s algorithm on rational function inputs, which says: for a
proper rational input, we always have to consider the ag case (see section 2.1) and also
if oep is an integer, we can take either mar(ag,deg pr — 1+ 1) or deg py — ! + 1 as our
degree bound. Both will lead to the same answer if the indefinte sum is hypergeometric,
but the latter bound is always smaller than or equal to ap, which means we can improve
the efficiency of Gosper’s algorithm by choosing deg pr —{ + 1 as the degree bound. To
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illustrate this fact, let us reconsider the test examples in Table 1 above and tabulate the
results in Table 3.

Dacci

Table 3. Analysis of degree bounds

Example Type of Fsum Gosper Lisonek
number inpu n o deg pr —1+1
1 quasirational 0 4] NA
2 rational 0 3 0
3 rational 0 2 0
4 rational 1 2 1
5 quastrational o 0 NA
6 polynomial 4 4 NA
7 polynomial 3 3 NA
8 quasipolynomial 2 2 NA
9 quasirational 0 Q NA
10 quasipolynomial 1 1 NA

6.5. FURTHER ANALYSIS

Table 3 shows the degree bound chosen by Fsum is smaller than or equal to that chosen
by Gosper’s algorithm. In fact it is true in general because the degree bound for Fsurn is
based on Theorem 4.1, Theorem 4.3, Algorithm 4.1 and Algorithm 4.2, which corresponds
to polynomial, quasipolynomial, rational and quasiraticnal input respectively. On the
other hand, the degree bound for Gosper’s algorithm is not specific 1o any one of the
above types and so it is not surprising that it will overestimate the degree bound in some
cases.| The next thing worthwhile to look at is the summability conditions of the two
procedures — there are some relationships between pr = gpp1 f(k) — ry fk — 1) (S3 of
Gosper’s algorithm) and p(z) = Agi(z + 1)g2(z) — g2(z + l)gl(:r:)jrr (S4 of Fsum). In
order to clarify the situation, we reconsider the ten examples in table 1 and tabulate
the values of each quantity that appears in each determining conditions in Tables 4 and
5. Notations are almost the same as those used in section 2.1 and section 6.1, except
the variable & i1s changed to z in Gosper’s case. It is easy to see that g4y Is equal to
Aga(z), vz is equal to go(z 4+ 1) and p, is equal to p(z) {(up to a certain ccmstant).53 If
such relations are true in general, then it may economize the computationally expensive
step S1 of Gosper’s algorithm (see Lafon (1983), Zeilberger (1991)) because we have a

priori knowledge that the ratio a;/a._; can be represented as p(”—g% x %(%% up to

some constant multiple, which means that the two fractional parts are actually produced
by shifting the two polynomials p(z) and g2(z) independently.

 Bat for polynomial and quasipolynomial inputs, it is easy to check that Gosper's degree bound is
always the same as Fsum.

¥ As mentioned before, it is a general determining condition for Fsum.

§ It isnot surprising that p; and p{z) differ by a constant because the first step of Gosper’s algorithm
is azfar—1, which will cancel out any constant multiples which appear in the summand; but on the
other hand, Fsum does not change the numerator in the input.
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Qacci
Table 4. Fsum
Example plz) g2(z+1) g2{z) A =
1 22 -2z -1 (z+1)° z? 2 0
2 322 + 3z 4 1 (z+1)° 73 1 0
3 3(204+1) 22 +4z 43 22241 1 0O
4 —z? -3z-3 P42w-1 -2 1 1
5 —3r -2 42 T4 1 4 0
8 (2x—-1)% 1 1 1 4
7 322 + 3z + 1 1 1 1 3
8 224442 1 1 2 2
9 2 —32% —3z -1 (z+1)° z 2 0
10 z 1 1 z 1
Bacci
Table 5. Gosper’s algorithm
Example Pr Tr gz41 [
1 -2z -1 (z+1)? 2z2 o
2 32 +3z41 (z+1)? z? 3
3 2z +1 22° +4z4+3 22?41 2
4 2 43z +3 2 42z -1 z2-2 2
5 3z +2 z4 2 4z+1) ©
6 {2z —1)2 1 1 4
7 3z% + 3z +1 1 1 3
8 2?2 + 4z + 2 1 2 2
9 22— 322 —3r~1 (r+1y 223 0
10 x 1 z 1

7. Conclusion

We have presented a general procedure called Fsum for handling polynomials, rational
functions, quasipolynomials and quasirational functions, The last 2 cases are based on
the extension of Abramov’s {1971) work on sumnination of rational functions. Extension to
deal with non-hypergeometric sums with rational input is done via the use of polygamma
functions, which is an alternative to Moenck’s (1977) approach but Fsum does not
require summation by parts nor Hermite method of reduction. Besides, it is also an
alternative to Abramov’s {1975) method for finding rational components for rational
inputs. Analysis of degree bounds and the determining condition for summability indicate
that Fsum has connections with Gosper’s algorithm which may provide some a priori
knowledge how to perform step one of Gosper’s algorithm more efficiently. In addition, we
have seen from some examples that the degree bound of Fsum is always smaller than or
equal to that chosen by Gosper’s algorithm. So one may make use of such information to
improve the efficiency of Gosper’s algorithm if the input summand belongs to polynomial,
quasipolynomial, rational or quasirational type; especially Gosper’s algorithm is a major
building block for more involved algorithms (such as Zeilberger (1991) and Petkovsek
(1992)). Finally, it should be noted that the adaptation of Abramov’s algorithms (1989,
1991) for nth order difference equations to indefinite summation problems is not the same



374 Y. K. Man

as his algorithm in 1971 nor the Fsum algorithm presented in this paper — for instance,
if f(z) is a given summand and we want to find the closed form for 3, f(z), we have to
solve for the rational solution of a first order difference equation of the form p(z)g(z +
1) - ¢(z)g(z) = q(z),1I where g(z) is unknown, p(z) and ¢{z) are polynomials which are
the numerator and denominator of the irreducible form of f{z + 1)/f(x) respectively,
by using Abramov’s 1389 algorithm. In some occasions, the degree tound setting for
the numerator of g(z) can be higher“ and the condition for summability can be more
complicated than Fsum, Gosper’s algorithm or his own 1971 algorithm. Therefore, if we
are heading for a more general and efficient algorithm for indefinite summation (or at
least hypergeometric summation), then one needs to do further research, and perform
more comparisons of efficiencies for the existing algorithms to find out what the optimal
strategies should be and hence improve the efficiencies of the existing methods.
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Appendix

The following examples were tested by using the improved version of Fsum.

REDUCE 3.4.1, 15-Jul-92 ...
1: load fsum$

2: on time$

3: fsum((3x"2+3x+1)/ (x"3*(x+1)"3) ,x):

Time: 34 ms
4: fsum({6n+3)/(4n"4+8n"3+8n"2+4n+3) ,n,1,m);

M+(M + 2)

2«M + 44M + 3

Y based on Petkovsek's (1992} proposition 5.1 and discussion with M. Petkovsek.
Il In fact, Abramov had pointed out this in his 1989a paper p65.
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Time: 68 ms
§: feum(2 x*(x"3-3x"2-3x-1)/(x"3«(x+1)"3) ,x);

X
2

3
X

Time: 34 ms
6: fsum(n*x"n,n,0,m);

M M M
Xe(X #M*X - X =M - X + 1)

X - 2%X + 1
Time: 34 ms
7: foum{(2x43)/ ((x+1)*{x+2)) ,x);

2
2%X «PST(X) + 2xX+PSI(X) + 3*X + 2

Xe(X + 1)

Time: 17 ms
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